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Question 1 (10 pOintS) Find the radius of convergence and interval of convergence

nn

X

of the series Z —
— \/n —|— 1°

Solution:
n 3n+1 n+1 / ) 1 1
limM:hm 2] .yt =3|z| lim nt =3|z].
n—oo |an| n—oo 1/n+2 3”‘1’|” n— oo n+2

So if 3| z |< 1, by ratio test the given power series is convergent.

This gives | z |[< 1/3,s0 R =1/3.

For the interval of convergence, we must check the end points.

If v =1/3:
;::O Vn+13n :nz::o Vn+1
— =D ;
Un = o7 18 alternating,
1
* 0

. . A
o lim, . a, =lim,_. E/% =Y,

\an+1\ _ Vn+4l1 _ n+1
\an\ n+2 n+2

<1, so | a, | is decreasing.

So by AST, the series is convergent.

If o =—-1/3:

o0 77,

X T - S

[e.e]
Z 7 is divergent by p—test, so the above series is divergent by limit comparison.
n

So the interval of convergence is I = (—1/3,1/3].



Question 2 (10 points)

1
Consider f(z) = 152 k > 1 an integer.
a)Find the power series expansion of f(z) in powers of x.

Solution:
Since
1 o0
= Z(fl)”x” for all |z |< 1,
14z =
we have;
1 oo
n,_.nk
P =2 (-1t
14z =

b)Use the series in part (a), to expand g(z) = x arctan(z) in powers of z.

Solution:
x 1 xr OO e 1.271-&-2
g(x) = zarctanx = x/o mdu = x/o nz::O(—l)"uQ"du = ;(_1)n2n 1 for all |z |< 1.

c)Find the expansion of h(z) = V& + 1 arctan(v/z + 1) around a = —1. Indicate the interval

of convergence.

Solution:

oe) 2n+2 %)
o @+ 1)V (D" (@ + 1)
h(x) = Va + Larctan Vi + :;(—1) B D Dl forall |z+1|< 1.



Question 3 (9 pOintS) Determine whether the followings are convergent or divergent.

Show tour work.

= (n!)?
a) T;) EQn))!

Solution:

(n)?
(2n)!"

We apply ratio test, with a,, =

? 1) 2n)! 1 1
lim 2L = Jim (n)*(n +1) RCIOLN R N
n—oo  Qy, n—oo (2n)!(2n+1)2n+2) (n!)2 n—2(2n+1) 4

So by ratio test, the series converges.
= 1
b -
)2 7w
n=0
Solution:

We have;
1 1
<

1 n
O3z =3 -G

ZZOZO (%) is a geometric series with r = 1/3, so it is convergent.

Therefore, by comparison test, ZZOZO ﬁ is convergent.

1 1
c)Approximate — with an error less than 19"
e

Solution:
We have;
S
EDD ol
n=0
Then;
1, & (=) 11 1 1
Z — —1—-14+ = -4 - _ =
e © n;) nl M TR TR
Since the series is alternating;
1 1
E,(l)=— < —,
(1) (n+1)! 119

which gives n + 1 = 5. Therefore;

1, 1+1 1+1_3
e 21 31 418



Question 4 (9 points)

oo oo
a)Prove that for a,, > 0, if Z an is convergent then Z ai is also convergent.

n=0 n=0
Solution:

oo
Since Z an, is convergent, we have lim a, = 0. This implies that there exists N € IN such
n—oo
n=0

that for n > N, we have 0 < a,, < 1. So for alln > N, 0 < a2 < a,.

oo oo
Since a,, is convergent a? is also convergent by comparison test
n vergent, n Verg Y P .

n=0 n=0

b)The term of a sequence are defined recursively by the equations
dn+1

5n + 2

ay =2, apt1=( Yan. Is ()52, convergent? (explain, and if so what is the limit?)

Solution:

o0
Consider Z an. We have a, > 0. Apply ratio test to this series;
n=1
Gn+t1 . dn+1 4

li =1 =_-<1
nl—{lgo an ngr;o 5n—|—2 5

So by ratio test, the series converges. This implies lim,, ., a, = 0.

¢)Give an example of a power series which is convergent in (1,5), and divergent on
(—00,1) U (5,00). (No condition at x =1 and = = 5)

Solution:

o0
Consider, E an(z —3)"™; a power series around 3. We want the radius of convergence to be
n=0

1
2. So we want lim lania | =,
n—00 | A, ‘ 2

1
Let a,, = on then we get the desired limit and interval of convergence. So

oo

x—3)"
Z( 2n)

n=0

is a power series satisfying the conditions we want.



Question 5 ( 12 points)
a) Find all vectors v that satisfy the equation (— 042 ; +3 ;)x V=4 +5 ; 3k

Solution:

Let v= (a,b,c¢). Then we should have;

i
(-1,2,3) x (a,b,¢)=| =1 2 3 |=(2¢—3b,3a+c¢,—2a—b)=(1,5,—3).
a b ¢

This happens if and only if —3b+ 2¢ =1, 3a + ¢ = 5, and —2a — b = —3 which gives

—

U=t +(3-2t) j +(5-3t) k forallteR.

b)Show that the four points A(1,2,—1), B(0,1,5), C(—1,2,1) and D(2,1,3) are coplanar

(i.e. are on the same plane).
Solution:

Let the three vectors Z, v and w represent the three segments AB , AC and E, respectively.
Then u= (—1,-1,6), v=(—2,0,2) and w= (1, —1,4).

The four points are coplanar if the volume of the parallelpiped spanned by the three vectors
is 0;

=-2-10+12=0.




c)Find the distance between the lines
L4 : intersection of the planes (z + 2y = 3 and y + 2z = 3) and
L5 : intersection of the planes (x +y + 2z = 6 and © — 2z = —5)

Solution:

L; contains the points (1,1, 1), (3,0, 3/2), so it is parallel to the vector (3,0,3/2)—(1,1,1) =
(2,—-1,1/2), so it is parallel to the vector u;= (4, —2,1).

Lo contains the points (—5,11,0), (—1,5,2), so it is parallel to the vector (—1,5,2) —
(—5,11,0) = (4,—6,2), so it is parallel to the vector Uy= (2,-3,1).

Using the vectors 71= (1,1,1), 7o= (=1,5,2), u1= (4,—2,1) and uy= (2, —3,1) we find

the distance:

— —

d—= | (rQ - rl)'(ﬂl X EQ) | o | (2774371)'(1772378) | 18

|E>1XE2| B |(17_2’_8)| _\/@
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Question 1 (10 points) Show that for any tangent plane to the surface vz + \/y +
Vz=+/a ,(a>0) the sum of z,y, and z axis intercepts is constant.

( xg is called z intercept if the graph intersects x axis at the point (zg,0,0). )

Solution: Let f(z,y, 2) = \/z+,/y++/z—+/a then the surface , S, is given by f(z,y, z) = 0.
Let the point Py(zo, Yo, 20) € S be the point of tangency. Then

flz,y,2) = 1{’—&-1_}—1-11;

—

and hence
1 - 1 - 1 -

1+ + k
NN NG

is a normal vector to the tangent plane. Therefore, the equation of the tangent plane is

it = f (@0, 40, %0) = 5

obtained as

(2 —20) + =—(y— y0) + —
Tr— —(y — —
2‘/(E0 0 21/y0y Yo 2\/20

(z—2)=0.

Now,

x—intercept is obtained, for y = 2z = 0, as: (y/Zo + /Yo + v/20)v/Zo

y—intercept is obtained, for x = z = 0, as: (y/Zo + /Yo + v/20)\/Jo

z—intercept is obtained, for x = y = 0, as: (\/To + /Y0 + v/20)+/Z0- Therefore the sum of
intercepts is:

(Va0 + Vo + Vz0)* = (Va)* =a

which is a constant.



Question 2 ( 12 points)

3

Consider the function f(z,y) = if (z,y) # (0,0), f(0,0) =0. Show that;

x
l'2 + y2
a)f is continuous everywhere

Solution: We need to check only continuity at the point (0, 0).

3

- Z'2+y2

xz.x

2 + 2

< |l

so by the squeeze theorem, we have

T 0= £(0,0)

I = lm -
(z,y)lin(o,o) f@y) (z,y)lgl((),()) 2 + 92

meaning that f is continuous at (0, 0).

b)all directional derivatives of f exist at (0,0), using limit definition of directional derivative

Solution: Let @ = ai + bj with a® + b2 = 1. Then

f(ah,bh) — £(0,0) ah®/[h?(a® + b)) — 0 3

Daf(0,0) = lim, h s h =
which completes the proof.
c)f is not differentiable (0,0)
(h,k)—(0,0) Vh? + k? (h.k)—(0,0) \/hZ + k2
3
—h

R ER2

lim ———
(h,k)=(0,0) V/h? + k2

along the line k = h we have
. —h/2

lim ——
h—0 /2| h|
which does not exist. Hence, f is not differentiable at (0,0).

d)find the set of all vectors ¥ for which the equation Dz f(0,0) = V f(0,0) - ¥ is satisfied.

=i

Solution: Let ¥ = v17 + v2j. Then, by (b) we have Dzf(0,0) = v¥ and /f(0,0) =
Therefore, ﬁf(0,0) - = v1. Now, the required condition is v; = v} which gives us v; =
0,v1 = *£1. For, v1 = 0 we have vo = £1 and for v; = £1 we have vy = 0. Thus, the

directions are +i and +7.



Question 3 (8 points) Let z = f(z,y) = /20 — 2 — 7y2. Use Tangent Plane Ap-
proximation to approximate f(1.95, 1.08).

Solution: We have

—x —Ty
+(T,Y) = —F/——, y(T,Y) = —F/——.
fol:9) V20 — 2% — Ty ful@.y) V20 — 22 — Ty?

So fz(2,1) = —2/3 and f,(2,1) = —7/3. Therefore

£(1.95,1.08) = f(2,1)+ £.(2,1)(1.95 — 2) + £,(2,1)(1.08 — 1)

= 34 (—2/3)(=0.05) + (—7/3)(0.08)
0.1 —0.56

= 3
+ 3

Question 4 (10 points) Given that the function z = f(g, g) has continuous partial
T

derivatives in the neighborhood of the point (z,y) = (1, —1) with
AL -1 =2=f(1,-1),  fi(l,=1) = =2 = fo(=1,-1),
fu(=1,-1) =6 = fi2(1, —1), ful,-1)=8=f ( ,—1),
fi2(—1,-1) :2—5:f21(—1,—1), f22(1,—1) =1 = foo(—1,-1).

0
Find 212 = ng at the point (z,y) = (1,—1).

Solution: Let s = x/y,t = y/x then (z,y) = (1,—1) gives (s,t) = (=1,—1) and 2z =
f(@/y,y/x) = [(s,t). Now,

0z  0z0s 0z 0t Y
Zl—a—%%"‘ 9t o *fl( t)— ﬁfZ(Sat)-
Similarly,
o [1
= o[G0 - LA

Os

-1
= ?fl(sﬂf) |:f11(3 t)a

+f12 s, t :|

_%fé(sat) ) {le(s,t)a + faa(s, t)g }

- SR+ [fn(s 0%+ falsn 1]
_;12f2(8ﬂt) |:f21(5 t)y +f22( ) ]

Put x =1,y = —1 to get

—fi(=1,=1) = [= fir (=1, =1) + fia(—1, =1)]
—fo(=1,=1) + [~ far (=1, 1) + foa (=1, —1)]
= 17.

2’12(1, —1)



Question 5 (10 points) Use the Method of Lagrange Multipliers to find the least and
greatest distance between the origin and the ellipse 1722 + 122y + 8y? — 100 = 0.

Solution: Let the point be (x,%) then the distance is d = /22 + y2. Now, we define

L(z,y, \) = 2% + v + M\(172% + 122y + 8y* — 100)

oL
o 2z + A(34z +12y) =0 (1)
oL
— = 2y+A12z+16y) =0 (2)
dy
oL
- 172% + 122y + 8y? — 100 = 0 (3)
From the equations (1) and (2) we write A\ = ﬁ and A = 6x_—&—y8y’ respectively.
Equating them and performing cross multiplication we get
222 — 3y — 2y? = 0. (4)

Multipying, (4) by 4, and adding with (3) we obtain, 2522 — 100 = 0 or x = 42.

For x = 2, (4) becomes 8 — 6y — 2y? = 0 which has the roots y = 1 and y = —4.

For z = —2, (4) becomes 8 + 6y — 232 = 0 which has the roots y = —1 and y = 4. Therefore
we have P1 (2, 1)7 P2(2, —4), Pg(—2, —1), P4(—2, 4)

Therefore, the least distance is V5 and the greatest distance is 2v/5.
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Question 6 (10 points) Find and classify all the critical points of the function

1
fla,y) = 51‘3 +ay? —z.

Solution: We first find the critical points:

filz,y) =2 +y*—1=0
fa(w,y) =22y =0

(5)
(6)

The equation in (6) gives us x = 0 or y = 0. If z = 0, (5) implies that y = +1 and if y = 0,
(5) implies that = 1. Therefore, we have P;(0,1), P»(0,—1), P3(1,0), P4(—1,0) as critical

points.
fu(z,y) =22,  fio(w,y) = fo(z,y) =2y, forlz,y) =22
2r 2
A= Ji1 o fie _ T2y :4(x2—y2)
for  foo 2y 2z
and
A(Py) = —4 < 0so P, is a SADDLE point,
A(P;) = —4 < 0so P, is a SADDLE point,
A(Pg) =4 >0 and fll(PS) =2>0so0 P3isa LOCAL MIN point,
A(P4) =4 >0 and fll(P4) =-2<0s0o Psisa LOCAL MAX pOiIlt.
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Question 1 (15 points) Let R be the region in the first quadrant of the xy—plane
bounded by the curves xy = 4, xy = 8, xy® = 5 and zy>® = 15. Evaluate the double integral

//xy?’cos(:vy)dmdy
®




Question 2 ( 15 points) Consider a sequence {a,} such that a, > 0 for all n > 1,

a a
lim —F = 2 and the series Z 2—2 diverges

n—oo (A

oo
a)Determine the interval of convergence (with end points) of the series f(t) = Z ant™™.
n=1

b)Determine the largest open domain in R? in which the function g(z,y) = f(z) + yf(y)
has a differential.

c)Show that the only critical point of g(z,y) is the origin.

d)Determine the nature of the critical point (0, 0).



Question 3 (15 points) If C is the intersection of z = In(1 + z) and y = = from

(0,0,0) to (1,1,In2), evaluate / [(2zsin(my) — e*)dx + (mx? cos(my) — 3e*)dy + ze*dz]
c



Question 4 (15 points) Find the absolute extrema of the function f(x,y) = zye * ¥
on the triangular region with verticies (0,0), (0,4) and (4, 0).
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Question 5 (15 points) Using Implicit Function Theorem show that the equa-
tions u = 22 — y?, v = 2zy define = and y implicitly as functions of u and v for values of
(z,y) near (1,1). Find % at (u,v) = (0,2).




Question 6 (15 points) Find the volume lying between the paraboloids z = z* + y*

and 3z =4 — 2% — ¢%
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