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1. (6-16=12 pts) Suppose that a,, > 0 for every n > 1. If the series Z a,, is convergent,
n=1

determine whether the following series are convergent or divergent. Explain.
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2. (16 pts) Find the radius of convergence and interval of convergence of the power series
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3. (64+6+6=18 pts)

o0

() Is the series ) | =il b or divergent?
a 5 e series 2 3 convergent or divergent/
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4.(4+648=18 pts) Let f(2) = xsin(a?)

&8 2n+1
(a) Find a power series representation of f(z). (Hint: sinx = nz_%(_l)n(;jn——)—l)*
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5.(6-+6-1+-6=18 pts)

Zl. y=.3
Let K be the line given by =

z 45
= and
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z=14—-1¢
(a) Show that K and L intersect by finding their intersection point.
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6.(6-1616—=18 pts) Consider the function

2+
o, 1) =4 TP if (z,y) # (0,0)

0 if (z,y9) = (0,0)
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1. (12 pts) Let u = x f 573 where f is a function which has continuous partial
- xr= x
du  Ou ou
derivatives. If f(2, 3) =4, fi (2, 3) = 5 and f2(2, ) =6, find — , and — at
bz’ ay dz
the point (z,y, 2) = (1,2,3).
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2. (54+5+5=15 pts)
Let f(x,y) be a function which has continuous partial derivatives. The tangent plane to
the graph of f(z,y) at the point (3, 5) is given by 7x — 5y + 3z = 105. Vftas)

z
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(a) Find V £(3,5)
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(b) Let €' be the curve on the zy—plane given by F(t) = <3t2, 5t3> ,t > 0.Find a
tangent vector ¢ to ' at the point (3,5) and write a vector equation of the tangent line
to C' at the point (3,5).
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(¢) Find the directional derivative of f{z,y) at the point (3,5) in the direction of the

vector ¢ found in part (b).
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3. (6410=16 pts)
(a) Let f(x,y) = 42% — 6y +y® + 2y. Find and classify the critical points of f(z,7).
To pad crbicd powls, sef T = D = 40, 0) a5, S
O = (w-2) (2x-1)
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(b) Given that the extreme values exist, find the absolute maximum and minimum values
of the function f(a:,y, Z) = xyz subject to xY + 2yz + 3xz = 18 and
x>0, y>0, 2> 0.
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4. (14 pts) Sketch the reglon of integration and reverse the order of integration for the

iterated integral / / arctan (x ) dx dy {Do NOT evaluate the integral.)
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5.(14 pts) Using a double integral, calculate the area of the region which lies inside the
circle % + (y — 1)2 — 1 and outside the circle 2% + y2 =5 1,
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6.(15 pts) Evaluate the double integral // ~— ¢ v dA where R is the region on
Y
R

the 2y —plane bounded by the curves y = 24/, y = /2, zy =1, 2y = 3.
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1
7.(14 pts)Evaluate the triple integral dV where
_— J \/iEQ' +y2 + ZQ'

S={(z,y,2) | Va?+ 12 <2< V322 + 32, 9<2*+y° +2* <16}
that is, & is the region between the cones z = \/I‘Q—I—yz, = \/3352—)—33;2 and

also between the spheres z? + y2 +22=9 : x? + y2 + 22 = 16.
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1. (54+5=10 pts) Determine whether the follow inge are convergent or divergent.
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(b) ap =

s(jwn,u_,
2. (545=10 pts)Let f be a function which has a power series representation centred
at 2 such that f(2) =3, f'(2) =7, f"(2) =0, f(2) = 120. Let g be a function
which is continuous but not differentiable at 2 with 9(2) = 119.
(a) Find the first three non zero terms of the Taylor %erleq of f(z) centred at 2.
\%\or Sesid 0,} ,g Q_-r\,*v..rc.\ o r 'Z g (7-'.) (X~ 7,3 ,S:(_q,).\—,g l.'b)(i—'b) _t.,‘é’(‘l_,)_(i'l) t--
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2\
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(b) Evaluate lim 5 (Note that you cannot use L’Hospital’s rule

"B (2 -2 g(a)
since g(z) is not differentiable at 2). 3 A
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3. (5+5=10 pts)
(a) Find the angle of intersection of the surfaces 2 = 22 + yQ and 8x + 6y — 2 =5
at the point (4: 1, 33).(The angle between two surfaces at a point is the angle between
(Fu2)=9) . arC
o) deeradidd ook

their tangent planes at that point)

— c v c o, 1 LL
= ’ - = L *Y) - 2
The §v %“‘" = Z}LL-EQ Y le\"\' N ,S'H'- S s ) \’Q‘.“&."B\ ‘0

F’Lx.-;.%) Woi exatinved @

\neove A.(,H"f'-d:n\a\&.-
s (4,123 7 =l s Ae scfae F2 O oF REOR

e V6,25

\7?(#,'{3.%§= <4x\9'\a.l’ﬂ> '-‘J (\\-— J ) é % N\A Vé’886‘1>

- - V]

Simbdg 83X+ € -2 =S W devol setpric o) GORAT 3% ¥ 63

T R, s L340
—(—\T\—(‘\\L = ‘.\R\\\ \Rm\\ c2i8 R

7 — Y2 70D
6.3 ~ '),.6-&-(-\3(‘\) =&, =\lb NRTENG hs-\'él-r(l) (=

D = arcess <_%
{ze Aol

(b) Find a parametrization of the curve of intersection of the surfaces z = 222 + y? and

f&+gy\:f:\~«5- Cofuw o&\n\mn’nm . (46 C & 2= 24 *“GL ond 3= 3% ¢y

o< o 3V - 3=
2 xbg s B¥R(YE =D 20X~y « g - (9 == = 2( & 1) + (4 J

=y 2N > (Y- = VI o )t o _(j:z,\l;ﬁ_ <4 on e\liple
PP LIV LS 6 VL Thu AN
Lk X =z 2% Gm%@ 2= BXtby - S n \\mcm;ia\o;\e.—. =
’3: 2+ 20 s :3(7,«(5_@09)‘\'6é3+”6"“ g\r - § .

66E012’¢] fon t,}, C
brVMf w Q%Q C,,e .\—\‘)'(:2 & ne)

4. (44+3= 10 pts) B c e Y= (2% (Gend, 31Gsnd, 23 e 17%)
A differentiable function z(z,y) is defined implicitly by 2z + z + y + €* = 3. ’
(a) Find the direction in which z(x,y) decreases most rapidly at the point (z,y) = (1,1)
when z = 0.
> -4
3 (2Bext €)= 23 v L+ HE =0 = k=
S (e e &) = 239 $EEROC > 297 " ek
= 3
(=) = 2Zxlxlx & =5 J y =-1k
_ =3 = - 27" Lee

A TN = {Bxl), Fptla)) = 3 < 1,4 Lo
2 duwcon e mmt cepdly ta Asrection s} Preveddm —NFON =
rekon tneh 2 dwrses fre tort coglly v S22 - 20D
’-\lﬂ —w- A.ITCL. ARG A A \\ﬁ(\‘p\ Q

(b) Are there points where the largest rate of change is greater than V2 7 Explain.
Tulr) = {2, B4 = £ Ol ;_Jf—&,;
AT Bl = Max ceke of e,\r\,ut\gc_ O FAY) o o4
i . & o - MO s govele
- . = — = AT WU &
\ e >l pfg%§= 2 T a 0 Trege A wn
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5.(3+12=15 pts) Let f(z,y) = 823y — 3z — y? and let D be the region in the first
quadrant given by [ = {(m, Y) 2 <y<z,r> O} .

(a) Sketch the region D and explain why f(z,y) has absolute maximum and minimum

values onﬁD:.’(& ‘3:‘6? Q s c\lefd o \ODJ\M/ £ Y co oYaver oa . N

\a L/‘ ----- M\‘% Lx-\(<m‘ \J‘M mbrw\l ’9 \(\..J o\ Q\% b\,-f!'(_ \{V\’A’X d'(\}\
= 0 Q\(u\d‘\t A \IC\\NL an Q .
;Y
(b) Find the absolute extreme values of f(z,y) on D. S’\N‘u\ur‘ o9} 8_ “aride O

Titeeme. Vel (0o ot by pock (o) con e 00 8f B0 AL Tt L acpred o

W se 0o Wy 03
C,r'.kc'«\ @*—S : q& :8 = (Q.D> = <’g¥h"—§) =»§a£¢.'\\)> 8 Cr‘?{.’CCh\. ?\'5 sa, + ’;N’.-e_/.g
wwm

fxz 243207 =3 287 Ve L Qendeq e¥ ot D

fg- BC-27970 M2 N oL Sy Lgeiny o L

Tt Ave sy @Rt BN 1N s ke ©.
EEA

By © N0z Councy Wz Cav (%, X2) ! xe tond
Cp. (A (G @ XE€ 1o\ )

N Co . clas £ e B sk —xt = Fxtox =gen 1 xelai)

———

\y
bt by of 91 9 = 4LaT -3 =9 -—:ax:(f;

56V FIE, &) == (W)
e enh oty QL) = M ) %u,\ =<,g-c\‘\3 = 4]

on Cp. 3 _ 3;11’%( Z\en) x& To ) 5
s -~ wz [V
W= b2 KLy =0 =x=(3)

FUAY = O, G) = A K -Ba-R =
Vi O i \n_v\\acr?\b\p‘\.w;,\‘ (_Q'D
AN M 1
M) +(5 (@ @) = 22 (577

y citial o U
~ ek ol) Me) = £(02) ;E ,\\u\ = SN = Y \

The e&\\«\a C,cr(\r.\SAs-Jf'—-l £=r N g MAX ol aod . mn o} £ = )
are N etad inAme boxel Qweve - T

Pos. MAX = 4= £CLL) ond . ”
AWMg. an = -,s_‘_(_.l—"r:,} (Y, (&) >
p)
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6.(6+5+4=15 pts) Let F be the vector field given by

ﬁ(ifa Yy, 2) = ('y2 C(')S(S'Sy2) + y22 . 2y (:os(;cyQ) + x2? + ze¥? . 2xyz + ye¥t + 22>

(: (y? cos(zy?) + y22) i + (2zycos(zy?) + x2° + 2e¥%) § + (2zyz + ye¥* + 22) I_.:)

(a) Show that F is conservative on R?

_ 3
(3 n congscvedVe on R &2

$SQ,£- & ‘gx = %'L e (’*‘3\‘) *3%1— 4P
,3-.,6 = 2hsy € (xyF) =% P2 €

fu = 2xqy ¢ g & 2

z = X 1_3-<x\95"+ Ly B

. ([yreeteg) 43 )% = SN 1Y g3 CoYD
= Woeml (XY * ‘a-%L = '?C*-W\*\‘SQC = ®ad =%~at=0(xn3** ~

&* \Q \o \6‘% Q%‘a 1 3:: Z*ncjlt)l-b:\_)‘\‘i‘lx*l c‘aq

3t ) 4% ) .

D exydy e =
2;% ‘(2 =

Iy Ty x QY

E: Q-,S- o~ ﬁg ( —§ % ib-\'-w?ﬁ-\ ,f-/\u"ﬂ s\)

\
12 = DRIZZE

= gy = S gt
i =p@\=2+E

¥ &
g ye FU©

_—:.3 ’S% - L_’Milﬂ‘)'
. X -
v - e Ty s X '9—*@:&-\—%1-\—5 (;‘Dq%“bD
%C’L‘\Q‘%\ - GA(Kﬁ 3 -a ; = i\ C"\J'\"\‘}' E.
N a kau\,\h\’ &,\M-{‘p(\ ,§9r Ne N —f\c\ ?/ pda 3}
- -P. W & C=agel vALL A= ,S—'L\A on R
(b) Let C be the curve of intersection of the cone 22 = 4z° + 9y2 and the plane
2z =14 x4 2y. D is defined as the part of the curve C' that lies in the first octant
(x >0,y > 0,z > 0) from the point (1,0,2) to (0,1,3). Calculate F. dr.
ot b e

S P\ W oemagerustv g oad ’F”’ =Sf g Pert (0) — e

( B.a0 = § Qged? = Slor— g8 = £lon3) - 4G

0 ®) Al el 3D (e)

Qognd o ow v T (D)
1 Q
- (&“(QX—\-: O« €« 3-\:5) —(N\B—\- N ) -le‘rE)
= 63 ‘\-Z‘f

(c) Let E be the curve given by the intersection of 22 + y*> = 1 and 2 = 120.Calculate

F - dr. 8 s o encele ) ond. Yaive o laed c,q've);

Ciodelpt of B acd T\ 2T o=

A< Jc..:»-c_,}
i)
NV TN 6\9543. o O c>!\‘§'¢(‘du)(\\lil \.Jg,\m\,c

\B.ar 2 O
E
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Name: .......... Surname: ............... Student Id: ........... Signature: .........

7.(5+5+5=15 pts) Let R be the solid in the first octant (z > 0,y > 0,z > 0) which
Express the triple integral

lies inside 2% + y? 4+ 22 = 12and above z = 2% + y> .

/// f(z,y,2) dV as a (sum of) iterated integral(s).
R

(a) in cartesian coordinates
o T
)(:\-!‘al‘f't c\L ond =X +3 Crve

= 2:.(-21"; \L % C%'t‘(-l) C%JJD =
= 2=73 an C

T @
SSS ,?mt,—é\%\ J\J = S
00
(b) in cylindrical coordinates 04DL R
// 0 G _S ctezx & Q\'L"f:z'
'/, 0 & &3 -
\
Q

2 = oftay 2 =C" - 5 5
a2 = 2=R2-C & 7O D TS

1
Layg 12 =\L & e
G @

r!

—Tw§ zl
3 SSS Pl AE) A = 5 v 5 j $ (r @8, 58,2 € dz2 A 4O
8 | o 5
(c) in spherical coordinates
S50 = 0<£Bex)

For Dy B e B elh
Kl{__ai_r_}'L:\,L = SZ:\Z _:o\?=2,€

1 ’L\f L'¢:_B?;C°’”;

2=xl4glsd pewb= = VN 3

Twsg |y A4 3 2
- (5o, pontyed, $03) {5 D
ng peg AV g l }0% Y it 4 48
at) ) @
© 5(4@5}5‘@

+) ] J‘(‘“m

S L o

0 geadwd
( gongend, g, Jdp Ap AP

On
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8.(15 pts) Compute the line integral

f (:1:3 sinvx?+4 — :1:6“23;) dx + ((:os (v* +y) — 4yex+2y) dy
C
on the curve C which is the boundary of the parallelogram with vertices
(2, (]), (U, 1), (—2, U), ([], —1) with counter-clockwise orientation.
A :_F-,(u‘lﬁ-} - L ? CX.\Q , Q(X\-‘ai} \../WG,

KU
oo = XS i — x &
x-ar’c}

Qo= e~ () - 4 &
P Q Q, W ove € ones O Qa—r‘\Tw( ALC'\V‘kUCJ ofN DJ
c =20 e, Courcrr e\l & ez d  Yordry
O. Morewver C 9 c\aed and Wice e

Ve ok

SmodDiW cutve.
Hente, Grees A g

é Qo IX x QU Oy = SS [FTEN —9%0%\1 oA

C=30 Q
x4L ¥
= SSE“["S@ -3»'- (/xex*-? %)1 3
O
X<V L_'J— U= X'Z‘g
- Sj 2 (-2 € Ardy V= X*19
© SANT)
wt A Wb X)) - - . :')5/
) jo”‘ ot TR 1
\ / ,UVT‘ s U \f‘
l. - Hij\l"w x«'b"ﬁ _ ')_’U\_e _L d\&é\\?’
/‘V__{K/,L_ \r=-v Sg W DA é\/.c}fa = Sj 4
| I\ Owe
* 2 u=ytL L'A O
L L N ) U.L N A = v -
= % % 9 W-& —é—c&w&\f“a 5 76 \ L/
v -V - U=-2
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